In this paper we show that, for each chordal graph G, there is a tree T such that T is a spanning tree of the square G 2 of G and, for every two vertices, the distance between them in T is not larger than the distance in G plus 2. Moreover, we prove that, if G is a strongly chordal graph or even a dually chordal graph, then there exists a spanning tree T of G that is an additive 3-spanner as well as a multiplicative 4-spanner of G. In all cases the tree T can be computed in linear time.
INTRODUCTION
Many combinatorial and algorithmic problems concern the distance d G Ž . on the vertices of a possibly weighted graph G s V, E . Approximating Ž . d by a simpler distance in particular, by tree distance is useful in many 
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Ž . for all u,¨g V. In this case we will say that H is a distance t, r -Ž approximating graph for G and conversely, G will be a distance Ž .
. Ž . t, r -approximating graph for H . The graphs G and H are t, 0 -pseudoisometric iff H is a spanning subgraph of G, this is the usual notion of the additive r-spanner. w x Recently Cai and Corneil 10 have considered multiplicative tree spanners in graphs. They showed that for a given graph G, the problem of deciding whether G has a multiplicative tree t-spanner is NP-complete for any fixed t G 4 and is linearly solvable for t s 1, 2. The status of the case
Multiplicative tree 3-spanners exist for interval and permutation graphs, w x and they can be found in linear time 24 . Similar results are known for the w x additive tree r-spanner problem. Prisner 29 proposes a simple approach to constructing additive tree 2-spanners in interval and distance-hereditary w graphs, and such 4-spanners in cocomparability graphs. Both papers 10, x 29 ask which important graph classes have tree t-spanners and r-spanners w x with small t and r. As mentioned in 29 , McKee showed that for every Ž fixed integer t there is a chordal graph without tree t-spanners additive as . well as multiplicative . Nevertheless, from the metric point of view, chordal graphs look like trees. In this paper we prove that for every chordal graph Ž 2 . G there exists a tree T actually, T is a spanning tree of the square G such that
Ž . for all vertices u,¨of G. In other words, T is a 3, 0 -and 1, 2 -approximating tree for G. Moreover, if G is a strongly chordal graph, then there exists a spanning tree T of G that is an additive 3-spanner and a multiplicative 4-spanner. Thus, this answers the question whether strongly w x chordal graphs have tree t-spanners with small t, posed in 29 . Furthermore, we show that the method elaborated for strongly chordal graphs works for a more general graph class, for the dually chordal graphs. In all cases the tree T can be computed in linear time.
PRELIMINARIES
All graphs occurring in this paper are connected, finite, undirected, Ž . w x loopless, and without multiple edges. A graph G s V, E is chordal 9, 13 Ž . if it does not contain any induced chordless cycle of length at least four. In a graph G the length of a path from a vertex¨to a vertex u is the Ž . number of edges in the path. This basic metric property of chordal graphs has some immediate but Ž important consequences some of them already being used by different . authors . In the subsequent results the graph G is assumed to be chordal and u is an arbitrary but fixed vertex of G. Ž . neighbors of y in S we choose a vertex¨for which the distance d w,S is minimal. Let P be a shortest path in S connecting the vertices w and¨.
Ž . is a neighbor of¨as well. But then from wy f E and¨y g E we get a contradiction to the choice of the vertex w. In what follows we consider ⌫ rooted at the vertex u s S 0 . As usual, the 
DISTANCE APPROXIMATING TREES FOR CHORDAL GRAPHS
Ž . In this section for a given chordal graph G s V, E we construct a tree Ž . Ž . Ž . T s V, EЈ that is a distance 3, 0 -and 1, 2 -approximating tree for G. As in the previous section, we fix an arbitrary vertex u of G. To construct k Ž . T, for each connected component S kG 1 we select a vertex¨g
for all x g S k add x¨to EЈ.
j By Lemma 4 it follows easily that T is a tree. For any edge x¨of T that Ž . is not an edge of G we have d x,¨s 2. Indeed, by Lemma 3 every
u is adjacent to¨. Therefore, T is a spanning tree
Since for constructing T we need only find the connected components of the kth neighborhoods of u, the complexity of this procedure is
Ž . THEOREM 1. T is a distance 3, 0 -and 1, 2 -approximating tree of G. . Now consider two arbitrary vertices x and y of G and a shortest x, y path. Applying to every edge of this path the obtained inequalities, we will get . of S closest to x and y, respectively . Since ⌫ is a tree, one can easily show Ž . Ž . that in G any shortest x, y path P x, y between x and y passes through Ž . the set S. Let xЉ, yЉ denote the first and last vertices of P x, y in S. It is an open problem whether the distance matrix D of a chordal graph Ž . A chordal graph together with some distance 1, 2 -approximating tree produced by Procedure 1 is given in Fig. 2 . Note that this chordal graph Ž w x. has no additive tree r-spanner for r F 3 see 29 .
It remains an open Ž . question whether every chordal graph admits an 1, 1 -approximating tree.
SPANNERS OF SOME CLASSES OF CHORDAL GRAPHS
As we already mentioned in the Introduction, chordal graphs do not have multiplicative or additive t-spanners with a fixed t. However, we will Ž . show that chordal graphs, which do not contain extended suns as induced subgraphs, have multiplicative 4-spanners and additive 3-spanners. We Ž< < < <. present an O V q E time algorithm for computing such spanners. This class of graphs comprises the well-known strongly chordal graphs. adjacent to u and y may be adjacent to u . Suns S and S and are pairwise adjacent. Moreover, the vertices x , x , and x induce an 1 2 3 independent set; otherwise we will obtain an induced 4-cycle. Hence, again we have constructed an induced 3-sun formed by x , x , x , y , y , y . for every x g F add the edge x¨to EЈ. F Ž . One can easily show that the graph T s V, EЈ constructed by this procedure is a spanning tree of G. Next we will show that the procedure can be implemented in linear time. In the preprocessing step we apply the breadth-first search to compute the kth neighborhoods of the vertex u in Ž< < < <.
Denote by deg¨the degree of a vertex¨in G, i.e., Ž . < Ž .< deg¨s N¨. The second line of the procedure requires at most
Ž . time for computing the connected components in N u . [¨. Thus, this line of the procedure can be implemented in
Summarizing, the whole procedure requires only
A strongly chordal graph together with some additive tree 3-spanner produced by our procedure is given in Fig. 4 . Note that this strongly w x chordal graph has no additive tree 2-spanner 21 . The following theorem shows that not only this graph but every strongly chordal graph has an additive tree 3-spanner. So this result is the best possible. . Ž . we will get d¨, w F 4 и d¨, w , i.e., T is a multiplicative 4-spanner
That T is an additive 3-spanner of G follows already from the previous w x part of our proof and from 29, Lemma 1 . For the sake of completeness we present here our proof. For this suppose that T is rooted at the vertex u. From the algorithm it follows that the distances in G and T between a vertex and any of its ancestors are the same. Pick two vertices¨, w g V Ž . and proceed by induction on d¨, w . If¨and w are adjacent, then we Since d a,¨s d a,¨, d a, z s d a, z , and¨z g E 
concluding the proof. Hence, to get a contradiction of our assumption it is enough to show that the graph H q with tree edges a x and b x does not have any additive tree 
SPANNERS OF DUALLY CHORDAL GRAPHS
Below we show that Procedure 2 from the previous section can be applied to produce multiplicative 4-spanners and additive 3-spanners in w x dually chordal graphs. These graphs were introduced in 14 as a general-Ž ization of strongly chordal graphs which are the hereditary dually chordal . graphs where the Steiner tree problem and many domination-like problems still have efficient solutions. It turns out that the dually chordal graphs are exactly the intersection graphs of maximal cliques of chordal Ž w x. graphs see 7, 33 .
To define dually chordal graphs, we need some notions from the theory w x of hypergraphs 3 . Let E E be a hypergraph with underlying set V, i.e., E E is a collection of subsets of V. The dual hypergraph E E* has E E as its vertex Ä 4 set, and for every¨g V a hyperedge e g E E:¨g e . The line graph Ž . Ž . L E E s E E, E of E E is the intersection graph of E E, i.e., eeЈ g E if and only if e l eЈ / л. A Helly hypergraph is one whose edges satisfy the Helly property, that is, any subfamily E E Ј : E E of pairwise intersecting edges has a nonempty intersection. A hypergraph E E is a hypertree if there is a tree T with vertex set V such that every edge e g E E induces a subtree Ž . in T. Equivalently, E E is a hypertree if and only if the line graph L E E is chordal and E E is a Helly hypergraph. A hypergraph E E is a dual hypertree Ž . ␣-acyclic hypergraph if there is a tree T with vertex set E E such that, for Ä 4 every vertex¨g V, T s e g E E:¨g e induces a subtree of T. Observë that E E is a hypertree if and only if E E* is a dual hypertree. . algorithmic use . From the definition of hypertrees we deduce that for dually chordal graphs the line graphs of the clique and disk hypergraphs Ž . are chordal. Conversely, if G is a chordal graph, then C C G is a dual Ž Ž .. hypertree, and, therefore, the line graph L C C G is a dually chordal graph, justifying the term ''dually chordal graphs.'' Finally note that graphs that are both chordal and dually chordal were dubbed doubly chordal and w x were investigated in 7, 14, 25 . 
